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Abstract 

We show how to give the expression for periods, Higgs field and its dual of N = 2 super- 
symmetric Yang-Mills theory around the conformal point. This is achieved by evaluating the 
integral representation in the weak coupling region, and by using analytic continuation to 
the conformal point. The explicit representation is shown for the SU(2) theory with matter 
fields and also for pure SU(N) and pure SO(2N) theory around the conformal point where 
the relation to the beta function of the theory is clarified. We also discuss a relation between 
the fixed points in the SU (2) theories with matter fields and the Landau- Ginzburg point of 
2-D iV = 2 SCFT. 
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1 Introduction 



Recent years many progress about four dimentional N = 2 supersymmetric Yang-Mills 
theories have been made. Seiberg and Witten [|IJ solved the low energy effective theory in 
the SU{2) theory without matter fields exactly, based on the duality and holomorphy by 
introducing the elliptic curve. Following this work various generalizations introducing the 
matter fields or gauge group being higher than SU(2) have been investigated by many people 
||. |3|. |], [5|. ||, [7|, ||, |9| . The solution of these theories extesively studied in the weak coupling 
region by various method, such as solving the Picard-Fuchs equation [[□], |P2"f , purtubative 
treatments to obtain the prepotential fl3], [L4|. The direct tests have been made by compar- 
ison with the instanton method in the case of SU(2) theory with matter fields |15], and 
even for the higher rank gauge groups |JL7|| , which provide the consistent results. 

Apart from the analysis in the weak coupling region, the power of the exact results 
should be used in the analysis in the strong coupling region, where one finds truely non- 
perturbative results. Among the analysis of the strong coupling region, one of the striking 



fact is the existence of the conformal points |L8], [19], where the prepotentials have no 



dependence of the dynamical mass scale. These theories are classified by scaling behaviors 
around the conformal point |2(J . It seems interesting to investigate the theories around this 
points by deriving the explicit form of fields, which seems to provide us of a more concrete 
behaviour of the critical theories. 



In previous works [pi] , p2| we have evaluated the integral representation about the period, 
Higgs field and its dual on such situations. The results for SU(2) Yang-Mills theory with 



matter fields |^TJ can be analytically continuated around the conformal point when the bare 
masses take the critical values. In this article, we generalize this approach to investigate 
the expression around the conformal point. We treat moduli parameters and bare masses as 
deviations from the conformal point. After evaluating the integral representation explicitely 
in the region where only one parameter is very large but other parameters are near the 
confomal point, we perform the analytic continuation of one large parameter to be near 
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the conformal point. By use of the analyic continuation we can get the expression around 
the conformal point. Usually, analytic continuation to the region where the logarithmic 
singularity exits must be treated with care because the result may depend on the choice 
of variables. In other words, some choice of variable are valid only within some branch. 
However, when we consider the analytic continuation to the critical point where there is no 
such singularity, the confirmation of such analytic continuation turns out to be easy, as we will 
see in each cases. As the matter of fact, this approach can be considered as a generalization 



of the one given to obtain the periods for Calabi-Yau systems | 23| . Of course, there are a 



variety of the class of conformal point so that we cannot exhaust all known cases. In 
this paper, we will deal with SU(2) Yang-Mills theory with massive hypermultiplets, and 
SU(N) and also SO(2N) Yang-Mills theory without matters. We also provide expressions 
of Higgs field and its dual around the conformal point for the pure SU(N) and also SO(2N) 
Yang-Mills theories. 

This article is organized as follows. In section 2, we will obtain the expression of the fields 
around conformal points in SU(2) theory with matter fields case, and verify that the result 
recovers our previous result which was obtained by transformations of the hypergeometric 
functions 0] when the deviation of mass parameters from the conformal point are set to be 
zero. We will also discuss the relation to 2-D N = 2 SCFT through the simple correspodence 
to the deformation of curve on WCP 2 . This relation has been pointed out recently in the 
different context in the ref. |24||. In section 3, we will derive the form of Higgs field and 
its dual in the pure SU(N) theory around the conformal point and clarify the relation to 
the beta function of theory. In section 4, we will study the pure SO(2N) theory around the 
conformal point and discuss the validity of the expression. The last section will be devoted 
to some discussion. 



2 SU(2) Yang-Mills theories with matter fields 

In this section we treat the SU(2) theory with Nf matter fields (Nf < 3), to verify 
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that our approach recover the previous results which was obtained by transformations of the 



hypergeometric functions [21 



First of all we consider Nf = 1 case, whose curve of Nf = 1 theory is given by 

1 A 6 

y 2 = x 2 (x - u) + -mA 3 x - — . (2.1) 
v 7 4 64 y J 

In order to calculate the periods: 

da f dx da D / dx 

[ z.z j 



du fa y du Jf3 y 
around the conformal point u = |A 2 , m — |A where the curve becomes degenerate as 
y 2 = (x — 4f ) 3 > we introduce the deviations from this conformal point as u = u — |A 2 , rh = 
m— |A. The strategy is that after calculating the period in the weak coupling region u ~ oo, 
we analytically continuate around the conformal point u ~ 0. It should be noted that similar 



consideration has been used to evaluate periods for Calabi-Yau manifolds p3| . Rescaling 



the variable as x = \A 2 z the curve becomes 

y 2 = {^)\z - If - (^) 2 uz 2 - (^) 2 Amz, (2.3) 

and thus we consider ^ and ^ as perturbations from the conformal point. Expanding the 
period with respect to 1/u we have the expression for the period as follows: 

dx __ 1/2 /*» ds ^ r(± + s)r(s + i)r(-s) 



y J-ioc2Tri^ r(|)T(s - m + l)m! 



x jdz(l-zf^z- 2 ^ lQ' (|)"\ (2.4) 



where we have introduced Barnes-type integral representation. From this expression we can 

da 
du 



find that jp is obtained by picking up poles z = along a cycle in the weak coupling region. 



In this way, we find I 5 in the weak coupling region is of the form 

da V3 ^ r(n + m + |)r(n + |)r(n + |) ( 27A 2 \"/Am 



du M 1 /2 27r n ^ Q r(n + f + |)r(n + f + l)n!m! V 16m ^ V 



•>// 



- r(m + |)r(|)r(j) ,Am\ m 

r/"»+i\r/m i -n^i [ ax / v ^ 



u^tt ^ r(=fi)r(f + l)m! V 8u 



„ /l 2 1 m+ 1 m 27A 
x 3^2 I -,-,- + m; — ; — , — + 1; 



3' 3' 2 ' ""' 2 ' 2 ' ' 16m 



where 3F2 is the generalized hypergeometric function, which is defined as 



n-Pp-i(ai, ' ' ' ; Up] bi, ■ ■ ■ , bp-i, z) — 



(Ol)n " " " { a p)n Z" 1 



Via + n) 



(2.6) 



„r ( & 0n • • • (6 P -i)n n! ' r(o) 

Integrating with respect to w of (2.5) we have Higgs field a up to mass residue in the weak 
coupling region in the following form 



V3u^ g r(m + i)r(|)r(| 



TV 



m=0 r(^)r(f + i)m! 



5u 



(2.7) 



/l 2 1 m + 1 m 27A 2 \ 

x 3-^2 -, -, rn ; , hi; • 

6 \3 3 2' 2 ' 2 ' 16m J 

The analytic continuation from this expression to around the conformal point can be per- 
formed to obtain 



TVU 



{27 A 2 



'27A 2 
16m 



-1/3 



-1/3 



m=0 



/Am 



r(§)r(-|)r(m+|)m! V4fi 

/l m 5 m 1 2 11 
X 3 2 U'~"2 + 6'~2~ + 3 ; 3'" m + If 5 27A 2 , 



16m \ 



r(j)r(-i)r(m 



) /Am 

V 16m ) r(-|)r(f )r(m - |)m! \ m 

/2 m 7 m 2 4 

x 3F2 -, h -, h -; -, 

V3' 2 6' 2 3' 3' 



(2.8) 



13 16m M 



If we set rh = we can recover the previous result |^TJ where a is represented by the 
generalized hypergeometric function 3F2 in terms of u. 

Next we consider ap. In this case we integrate (2.4) from z = to z = 1 and evaluate 
double poles which give the logarithmic terms | 2"2fl . Quite similarly ao in the weak coupling 
region can be written as 

da D 



du 



-1 v T(n + m+ f)T(3n + 1) _ 
2(-)^«W ^ r(i)r(n + l) 2 r(2n + m + 1) ^4m~ 



A 2 \ n 



Amy 

4m"; 



x 



1 /A 2N 
V>(n + m + -) + 3^(3n + 1) - 2tp(n + 1) - 2^(2n + m + 1) + In I — 



(2-9) 



where V^- 2 ) is defined by 



- ifj(z)T(z). Analytic continuation to the region u ~ and 
integration with respect to u give the expression up to mass residue around the conformal 
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point as follows 



zVjrgj /27A 2 V 1/3 - f r(|)r(i)r(m-|) /AmX™ 

aD (-i)S V^J iolr(^)r(-|)r(m + i)m!Uny' 

/l m 5 m 1 2 11 16m \ 

X » Fa U' "2 + 6' "2" + 3 ! 3' ~™ + T 5 ~2Wj 

+ f^V 1/3 ffi-J^j, (2-10) 



16€t / r(-J)r(f )r(m - §)m! V 4u / 



„ /2 m 7 m 2 4 13 16m M 

X ^U' "T + 6' ~2 + 3 ; 3' ~ m + Y ; ~27A*J } • 

As the parameter approaching the point ? — > 0, -p — > 0, we find a = ap, which implies that 
the theory is completely free theory Therefore the conformal point is certainly the fixed 
point where the beta function of the theory vanishes. Since a, cld ~ tie near the conformal 
point and a, ao are propotional to mass scale of the theory, the conformal dimention of u 



is I, which has been observed in [IS 

5 ' U — I 



In the Nf = 2 theory we use the curve of forth order: 

A 2 

y 2 = (x 2 - u + — ) 2 - A 2 (x + mi) (a: + m 2 ) (2.11) 
8 

A 2 

= (x 2 -u + —) 2 - A 2 (x 2 + Mx + N), (2.12) 
8 

where we introduce symmetrized mass parameters M = mi + m 2 and N = mxm^- We shift 
the parameters from the conformal point as u = u — M = M — A, N = N — and 
rescale x + ^ = u^-^z, we find that the curve can be written as 

y 2 = u 2 (z 2 - l) 2 - 2Au? (z 3 -z)- A 2 Muh - A 2 N f , (2.13) 

where N' = N — MA/2. As is the case of Nf = 1, we evaluate the period in the weak 
coupling region by expanding with respect to 1/u and mass parameters, and by picking up 
poles at z = 1 along the a cycle to find 

da = uj_ ~ T(2a hm + \)T{^ m + §) / A 4 M 2 V / A 2 N'\ m 

du 2vr JjL a T{l + l)T{m + l)T{Aa Um + l) \ ^ ) \ u 2 ) 1 • J 

_ / 1 3 . 1 _ 11 1 1 A 2 \ 

X4-T3 I OLl,m + ^ a l,m + ^>'+ 2'^' m + 2' 2 + 2 ' m + {T / 
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u-5 /2A\ [A 2 M\ ~ r(2a,, m + |)r(/3,, m + |) / A 4 M 2 V /A 2 A> S 



+ 2tt UJ ( si J m 5 r(/ + i)r(m+i)r(4a iim + 4) V 4m 3 



■u 2 



/ 5 73 53 5 A 2 \ 

X 4 i 7 3 ( Q!l,m + ^,aj,m + + -, Pi,m + 7^ 2' 2a '> m + 2' 2a/ ' m + 2 ' £~ ] ' 



IS 



where a^ m — I + y, /3j jTn = 2m + 3/. In the Nf = 2 theory, |^ has a additional part which i 
propotional to M and vanishes when M — 0. 

Next we consider Performing the line integral from z = to z = 1 and evaluating 
double poles, we have in the weak coupling region as 

dan = u± ^ r(2^ m + |)r(A, m + |) / A 4 M 2 V /A^\ m / A 2 ^ 
du 4^,^ ' r(Z + l)r(m + l)r(4a,, ro + l) I 4m 3 [ u 2 [ u 



(l)n(2ai, m + |)n(2ai, m + l)n 



In (4) (2. 1 5) 



13 1 
vr* (2k\ (k 2 M\ ^ r(2a,, m + |)r(A, m + |) / A 4 M 2 V /A 2 A>'\ m 



+ ii t Rf E 



4tt 2 ^ u;\sf /,tr n r(z + i)r(m + i)r(4a, )m + 4) v 4« 3 ; v ^ 



r,2 



x / A 2 \" + l) n (ai, m + l)n(l + |)n(A,m + 

V «/ (|)n(2aj, m + |)„(2a Zim + 2) ra 

5 7 5 

3 3 5 

+^n(l + -) - VVi(l) - VUg) _ ^n(2a/, m + 2) - ^„(2aj )m + -) 

where ij} n {a) = ip{n + a). 

Analytic continuation of |^ and to the region u ~ gives four kinds of 4F3, and a 
and od are also represented by 4F3 after integration with respect to u. By defining <3> as 

$(<5, e; p, (7, /i) = 4^3 (-ai,m + S, -a i>m + 5 + ^, a z , m + e, a ijm + e + ^ (2.16) 

; Ul,m ~ Pl,m + P, y + °"> W ) > 

and using this function, we find that a around the conformal point can be written in the 
form: 

Jjvh^f A 2 M 2 V fAN'\ m 1 



m,l 



V? 



2ul ) r(±)r(m+l)r(2Z + l)>/2 
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^ (A 2 \ " T(-f + \)T{P l<m - a l<m + ]) $ (I 17 3 1 



■it 



r(a I)m + |)r(i-a,, TO ) V4'4'4'4'2 



'a 2 \ 3 r(2« /im + i)r(-f -|)r(A, m -a/, m - 1)^/3 3953 



1/ 



r(a iim + i)r(-a,, m - \)T[2a hm -|) U' 4' 4' 4' 2 

3 



| ^ /a 2 \ ~* / a 2 m \ r(2a,, m + |)r(i - f )r(A, m - + §) $ / 13331 



it 



2fii/ r(a,, m + f )r(J - a l>m )r(2a,, m + §) V 4' 4' 4' 4' 2 



/A 2 ^^ / a 2 M\ T(2a ltm + f )r(-f - |)r(A, m - ai, m + j) A 5 5 5 3 
04 U / V 2fil y r( ai , m + i)r(-a,, m - J)r(2a /jm + |) U' 4' 4' 4' 2, 

where c± = C2 = C3 = C4 = 1. We find that the expression for a/) is given by changing q as 
ci = c 3 = (— l) m , C2 = C4 = — (— l) m . If we set M = N' = we can recover the previous 
result As in the Nj = 1 theory, we see that the conformal point is the fixed point of this 
theory from the relation a ~ on this point. Reading the leading power of the expression 



(2.17), we see that the conformal dimension of u is ^ |L9 

In the Nf = 3 theory, the curve is given by 

2 2 A (mi + 777,2 + 772.3) A 2 

y = (x — u + — x H ) — A(x + m\)(x + m 2 )(x + m 3 ) 

4 8 

= (x 2 -u+-x + ^) 2 - A(x 3 + Lx 2 + Mx + N), (2.18) 

where L = mi + 7772 + 7723, M = mi 772,2 + ^2^3 + m^mi , N = 777,17772777.3. We shift the 
parameter from the conformal point as v! = 77— L = L—^, M = M—^-, N = N— 
the curve becomes 

Z/ 2 = (x + ±) 3 (x - ™) - 2( M ' - + ^) 2 - A(Lx 2 + Mx + iV) + (77' - ^2.19) 

Setting u = u' — ^ and rescaling x + ^ = 7i 1//2 ;z, we find that the curve can be written as 



y 2 = u 2 (z 2 - l) 2 - u*Az 6 - LAuz 2 - u^Az + B, (2.20) 

where A = AM - ^p, B = + - AN. Evaluation of the integral for the period and 
analytic continuation from 77 ~ 00 to u ~ are same as Nf = 2 case. In this way, we can 
obtain the period in the weak coupling region in the form: 

da = u~^_ - r(3^ p +|)rK P , g +|) (alV (A 2 V /By 

du 2 > /5F lf ^r(i)r(2 Xlrfw + l)/!m!(2p)! V « ) Uv Uv 



n ( 1 1 5 1 

x 4^3 (Vi, P + g, Vi, P + 7j , + g, Hp,* + 2 



(2.21) 



1 1 1 27A 2 \ 

; 2>X'.p.9+ 2'Xi, P , 9 + ^-Tjgg-J • 



(AA^ 



E 



r(3^ p + f)rK P)(? + f) 



M 2 

^ ? r(I)r(2 x ^ + 3)Z!m!(2p+l)! 

^ / 5 7 9 5 

x 4^3 ( Vi, P + g, Vl,p + e , + ^ ' + o 



'al\'M 2 V 



B\ 9 



6 



6' 

3 3 27A 2 \ 

] 2' Xl ' M+ 2' Xl;p > q+ ''2^) ' 



(2.22) 



9a 



<9w 



4 ^H™ r(2 XljMI + l)Z!m!(2p)! W 



-V 



oo 

><E 

n=0 



fa,p + \)n{Vl,p + ijnfap + §)nKp,g + \)n ( 27A 2 ^" 



256m j 



X 



In 



27A 2 \ 1. , . 1, , . 5 N , 

" 2gg^ J + V>nfa,P + g ) + M%P + 7j) + V>nfa,P + g) (2.23) 



+^n(^l,p,q + 7j) ~ ^n(^) - 4>n(Xl,p,q + 7j) ~ ^n(Xl,p,q + X ) ~ ^n(l) 



__ l 
M 2 



f-1 

47T 2 2 U 2 / 



~ r(3^ p + |)rK M + |) 

^ ? r(2 x ^ + 3)i!m!(2p + l)! 



2/™ 



27A 2 \ n 



By 



n=0 



256m 



X 



In 



v2)n(x«, M + aMxW + 2 )„n! 



5 3 3 

+^n(^,p, ? + ^) - M^) - MXl,P,q + 2") - ^n(X«,P,9 + 2) - ^n(l) 



where 



/ p 

Vi, P = 3 + 3' Ui, VA = l + 3p + 2q, X i, P , q 



I q 
- + V+ -. 
2^2 



(2.24) 



By analytic continuation and by integration with respect to u, we obtain a around the 
conformal point in the form: 



a ~ 2U ~ 2 ^ g U(2p)W.3^{u 



AL\ l 



u 6 / \u z J 



27 A 2 ) 
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X 



r(§ - r/ JiP )r(i + x/, P , g - ^, P )r(| + xi, P , q - % P ) \ 27AV W 6' 3' 3' 37 

c 2 r(-|)r(|)rK P , g -^, p )r(^ p + |) / 256^ \ i /1 1 2 4 \ 
r(-^)r(xz >M -^)r(| + x/, Pig -%p) V 27AV b'2'3'3' y ~"' J 

c 3 r(-|)r(-|)rK P , g -^-|)rfa, p + |) / 2565\§ /5 5 457 
r(- %p -|)r(x/ )M -77/,p-|)r(x/ )M -% P + i) V 27AV U'6'3'3'3 

27r v /?AA_ 2».^+ 2 / ALV / A 2 V ( B\ q ( 256u\-" ,J ' 



+ uh ^Z!(2p)!g!3^+ 2 \ u)[u 3 ) U 2 J V 27AV 



x 



c 4 r (|)r(|)r(^, p , (? - t? ; , p + f )rfa, p + f) ( 256w\§ iT( ^i 1121 
:! ./i, P )r(| + Xi, P , g - ^, P )r(-; 



r(| - ^)r(| + x i>P , g - vijnl + xi, P , q - vi, P ) V 27A 2 ) * U' 6 ; 3' 3' 3 



c 5 r(-|)r(|)r(^ iPig - ^, p + f )rfa, p + 1) / 256^\ 5 /2 12 4 2 
r(| - Vl!P )r(l + xi, P>g - m, P )r(l + xi, P , q - m, P ) \ 27 a 2 ) U'6'3'3'3 



r(-?7i, P )r(xi, P ,g - ?7i,p)r(xi, P ,g - m, P + 1) \ 27A 2 / v' '3' 3 

where 

*(a, 6; c, d, e) = 4 F 3 ^ J>p + a, ^ iP + a + ~, r] l:P - xi, P , q + b,r}i iP - xi, P , q + b + ~ (2.26) 

256m \ 

;c,d,rj l>p -uJi jm + e;-^^J , 

and ci = ■ • • = cq = 1. The expression for od is given by changing Cj as ci = cot (77/^ + 
|)tt, c 2 = cot(^ >p + |)tt, c 3 = c 4 = cot(?# jP + |)vr, c 5 = cot(^ iP + J)7T, c 6 = cot(r/ /jP + |)tt. If 
we set L = M = N = 0, i.e., A = B = and u = it' = u — we can recover the previous 
result f2l |. As was the case of Nf = 1, 2, the relation a ~ od hold on the conformal point, 
therefore we can recognize the conformal point is the fixed point of this theory. 

Let us compare our expressions to the ones obtained by the expansion around the different 
point from the conformal point. If we consider the massive theory as the generalization from 
the massless theory, we would treat the bare mass parameter as the deviation from the 
massless theory. In order to see the behaviour of the field a and in the weak coupling 
region in this case, we expand the meromorphic differential A with respect to A and mass 
parameters, and evaluate the integral representation along the corresponding cycle. For 
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example in the case of Nj = 1, A, a and ap are given by 

A = —, - (x 2 - u) 

2m y \2(x + m) K ' 



a = & A, a D = f A, (2.27) 

J a J (3 

where we use the curve of forth order. The result of the calculation for the field a can be 
written as 

^ T(n - |)r(n + i)r(Z - n)V(l + 3n - i) (m 2 \ l /-27A 6 



a 



12V7r n ^ r(n + l)r(-n)r(3n-|)r(Z + i)n!Z! V M / V 256 « 3 
3y^ /A 3 m\ T(n + f )I> + - w)r(j + 3n + |) /m^V /-27A^ 

32v/7r \ it 2 J n ^ ( 2n + + l)r(-n)r(3n + §)r(Z + §)nM ^ u J ^ 256ii 3 ^ 



In the massless limit, this expression reduces to the previous result obtained by solving 
the Picard- Fucks equation |T2[ , which is represented by using the Gauss' hypergeometric 
function. The expression (2.28) can be verified by expanding the following expression which 
is represented by using the modular invariant form |2l|| : 

da . _ i / 1 5 27A\ 
— = -D )SF — ,— ;1 



8u 1 } ll2' 12 ! ! 4D*J ' 
A = -A 6 (256w 3 - 256w 2 m 2 - 288wmA 3 + 256m 3 A 3 + 27A 6 ), (2.29) 

D = -16u 2 + 12mA 3 . 

in the weak coupling region, and by comparing two expressions order by order after u in- 
tegration. In the Nf = 2,3 case, instead of integrating A to obtain fields a and ap, we 
can evaluate |^ and by expanding around the massless point in a similar manner. The 
results are expressed in terms of the following arguments: 

M^) 2(M M^) {N ^ 3) - (2 - 30) 

and appropriate combinations of mass parameters. These are identical to the argument 



of the hypergeometric function describing the massless theories [[12] • These powers of A 
are equivalent to the powers of the instanton term of the curve, and vary as the number 
of matters we have introduced. On the contrary, the argument of the expression we have 
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derived in this section is simple compared to (2.29), which is the argument based of the the 
deviation from the conformal point, and the form of these deviations does not depent on the 
number of the matters as we have seen in this section. Thus if we use the parametrization 
from the conformal point, the theory can be described by using the simple deviation from the 
conformal point even in such case that we discuss the weak coupling behaviour. Furthermore 
the expression around the massless point in the Nf = 1,2 case can be obtained from our 
expression for the Nf = 3 case by taking suitable double scaling limit to decouple the 
irrelevant mass parameters. These are obvious advantages to observe the behaviour of the 
theory by using the expression around the conformal point. 

Before closing this section, we discuss the relation between 4-D SU(2) N = 2 super- 
symmetric QCD and 2-D N = 2 SCFT, which has been partially analized in our previous 



paper [pi]] . Let us review the Landau- Ginzburg description of 2-D N = 2 superconformal 
minimal models with c = 3 which describe the torus. Since the theory with central charge 
c = 3k /k + 2 corresponds to the Landau- Ginzburg potential x k+2 , we have three type of 
description; (k = l) 3 , (k = 2) 2 and (k = l)(k = 4), as 

fx = x 3 + y 3 + z 3 , 

f2 = x 4 + y 4 + z\ (2.31) 
f 3 = x 6 + y 3 + z 2 . 

These are known as the algebraic curve on the (weighted) complex projective space (jy)CP 2 
with homogeneous coordinates [x, y, z] describing singular torus, and their typical deforma- 
tion in one parameter ip are following 

ip e xyz = 0, 

ifaxyz = 0, (2.32) 
ip s xyz = 0, 

where we have used appropriate normalization. We can evaluate the period W: 

w = ^rdxdydz^ 
J 
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on each curve in the region ip ~ oo by picking up poles of the integrant expanded by l/ip. 
Altanative approach to obtain the period is solving the Picard-Fuchs equation corresponding 
to these curves 

(1 _^ + (1 _ 2 ^_I (1 _V = 0, (2.34) 
ay z ay a a 

where y = ip~ a and a = 3 (E 6 ), 4 (E 7 ), 6 (E 8 ). As a result, periods are expressed as 
linear combinations of F(-,l — -,l;y) and F*(-,l — -,l;y) around y = where F is 
Gauss' hypergeometric function 2 F\, and F* is another independent solution corresponding 
to F. Comparing these results to the expression obtained by setting mass deviations zero in 
the results we have derived in this section, or the more obvious expression in [El], we find 



that periods of Eq, Ej and Eg curves are identical to the periods of 4-D N = 2 

super symmetric 577(2) QCD with Nf = 1, 2 and 3 matter fields respectively in the weak 
coupling region u ~ oo when the theory has the conformal point. In this way, we can find a 
simple identification between the moduli parameter of each theory, which is 

il) a < — >u, (2.35) 

up to irrelevant constant factors, and Landau- Ginzburg point tp = of torus corresponds to 
the fixed point u = of N=2 supersymmetric SU(2) QCD. This is another confirmation of 
our expression around the critical points. It is also interesting that another toric description 
of torus: 

7^ 2 + 7^V 2 - i'zw = 0, ^z 2 + ^w 2 -xy = Q, (2.36) 

can be regarded as the curve which corresponds to Nf = curve whose parameter ip 2 can 
be identified by deviation from the dyon point. 



3 SU(N) pure Yang-Mills theories 
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In this section we study pure SU(N) theory. In this case the curve is given by 

N 

y 2 = (x N - 5>^-*) 2 - A 2iV , (3.1) 

where Si (2 < % < N) are gauge invariant moduli parameter. We treat meromorphic differ- 
ential A directly, and calculate the period of meromorphic differential A, i.e. Higgs field and 
its dual, which are defined by 

2m K h V 



A, aV> = i A. (3.3) 

We consider so called Z N critical point s 2 = • • • = sjv-i = 0, sjy = ±A N where the curve 
becomes [[Ij§ |IJ, |2(j 

y 2 = x N (x N ±2A N ). (3.4) 

First we evaluate the integral in the region Sj~0(2<z<iV — 1), Sjv ~ oo. To this end, 

we expand the meromorphic differential A with respect to A 2N in the form 

Ht 00 Tin + ±)(\ 2N ) n N 

L{n+ ) A ) _ N-iy2n_ (3 5) 

2™~o T(i)n!2n 1 ^ } K } 

Reseating and a, = SiS N l , and expanding with respect to 1/sn and a^, A becomes 



s]j N dz » r(n + 1) / A 2jV . A ._ 
2*i ijr(>!2ni4j 1 ' 



r(q {m} +2n)y 1 /W*-'' 
X r(2n) l\ 

where {m} = {m 2 , • • • , mjv-i} and a{ m y = Yh^ 1 m i- I n order to calculate a*, we pick up 
the poles at e~^~ in meromorphic differential along cycle. By introducing Barnes- type 
integral representation [^] and multiplying sin2s7r/7T, we integrate from z = to z = 



to pick up the poles as 



ds ^ J r(s + i)(-l)T(-s)r(a {m} + 2s)sin2s7r 



{m} 



, x 2mf-ik ' T(\)2sT(2s) tt 



xu 



iV-1 ^m; / J^2N 



q-to-a^ z Na {m} -b {m} JJ «i f ? (37) 



i=2 m «- V S 7V 



13 



where 6{ m } = Y^f=^ imi- Therefore we find that in the region where sn ~ oo is given by 

_4 f e- 2mkb UY^ n + \)Y{a {m} -b' {m} ) 
0fe N n ^ i} r(|)r(2n + l)n!r(-2n - 6' {m} + 1) M m A 4 J ' 1 ' J 

where 6'| m | = (&{ m } — l)/N. Note that the phase factor guarantees the constraint Sj = i a% = 0. 
In order to continuate analytically to the region sn ~ A w and to use various identities, we 
re-express (3.8) by using the hypergeo metric function as 

A oo e~ 27Tikb '{™}r(ai \-b'< N ~ 1 n, mi (b'< , b'< , + 1 A 2JV \ 

i_ ^„E — — S^ F n" ,_ * -,1, "35-J- (3 - 9) 

Quite generally the expression of differs by the choice of the branch, therefore we cannot 
perform analytic continuation of the expression beyond the convergence domain. In the 
case of SU(2), this process can be justified by comparison to the elliptic singular curve 
made for torus. For general hyper-elliptic curve, there is no such guarantee for the process. 
However in our expression, = 1 is the critical point which is just on the boundary of 

S N 

the convergence domain, therefore we can obtain expression around —3- = 1. Performing 

S N 

analytic continuation to ~ 1, and using the identity for the hypergeometric function 

S N 

W 

F(a, b, c, w) = (l- w)- a F(a, c-b,c, - — -), (3.10) 



and the quadratic transformation p5 | 



F(2a, 2b, a + b + i z) = F{a, b,a + b+ ^,4^(1 - z)), (3.11) 
and also using another identity 

F(a, b, c, z) = (1 - z) c - a ~ b F(c -a,c-b,c, z), (3.12) 
where z = \ — 4fw, we can put around the conformal point in the form: 



2 2A JV > 

sj " e- 2mkb Uv {a{m] - b ' {m} ) N-i aT , 8n ± a n ^ \ 
Gfc N f-< Y(l-b') h\mA\ 2A N j 



{m} x V x u {m}! i=2 

r(| -6j )/A^\-^ p n 1 1 

' ri-K, V sm / V2' 2' {m} 2' ' 



{m}> 



r(6' {m} -|) ( A n + Sn \- 1 i (s N -A N y- b ^> „ ( \ 1 3 



W m { sn { s N v2'2'2 <»> 
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Next we consider a l D . In this case we integrate from z = to z = e # without multiplying 
sin2s7r as 



% r ^ £ e- 2 - kb Ur(a {m} - b' {m} )(-l)- 2s ^ (3.14) 



D TriN 



x 



{m} 

r( s + i)r(- s )r(a {m} + 2s)r(-2 S -a {m} + i) /^ar\ / A 2Ar 



n 



,2 \ ' 

'AT / 



r(i)r(2a + l)r(-2a - b' {m} + 1) V i=\ mt\ J \ sj 

which is defined modulo a k in the weak coupling region. We evaluate double poles of this 
integral and also subtract the contribution from z = |22| to obtain a k D 



a 



k S N \ ^ e ' L \ a {m} u { m }) / yj Oij 



e — r» r > w n 



oo ( b '{m} \ ( b '{m} j 1 \ / A 27V\ n 



r /a 2JV \ 6; 

x | In I I + + 



{m} 



+ ^ + \) - 2^{n + 1) + tt cot(6' {m} 7r) 
Using the analytic continuation to the region ~ A, we have 



± ,- 2mkh UT{a {rn} - b' {rn} ) fN-i aT \f SN + A N\ I 



'JV 



e — m T , " n 



niN j, T(l-Vr ,) \io mil \ 2A N I 



r(f M ) 



f » 1 ,+A l, V'f , ^-A" ^i-i /l 1 3 



Around the critical point, the original roots of the curve e£, e k which both reduce to 
efc for A = 0, become e\ ~ Ae^r", ~ 0. The expression ( p. 13[ ) and ( p3.16| ) show that 



consists of the contribution from both poles whereas a k D consists of the contribution from 
which vanishes at the critical point. Of course, we can find an expression for a k D which 
reduces to at the conformal point, i.e., a'p = a k D + because a k D was defined modulo 
ak, which cannot be determined by analytic continuation but by the consistency. Therefore, 
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around the conformal point a k and a k D behave as 

dk ~ a k D ~ (sjv - A^)^ 2 + const. (3.17) 



From this result, we recognize that the conformal point is certainly the fixed point of the 



theory, and the conformal dimension of is -J^j fl20 |. 



N+2 

We have used the ordinary type of the analytic continuation but the presence of the 
factor T(—b'rx + §) shows that this factor has poles and the expression (|3.13| ) and (|3.16|) 
contain the logarithmic terms. To see this, we decompose 6{ m } mod N as 6{ m } = Nl + A 
where I = 0, 1, 2, • • • and < A < iV — 1. Noticing that b'r m y = (6{ m } — 1)/N, when N is even 
and A = 1 + y, &r m i — \ becomes integer, thus we find that r(— + |) has poles. That is, 
around the conformal point of the moduli space of pure SU(2n) theory, there are unstable 
directions that and a l D have logarithmic terms. However except these directions a, and a % D 
contain no logarithmic term, and since just on the conformal point r(— &/ m }+§) = r(— ^ + |) 
there is no logarithmic singularity except N = 2, the conformal point is still the fixed point 
of the theory. When we set N = 2, i.e., gauge group G = SU(2), the point we considered is 
a dyon point. Therefore it is natural that a and an have such logarithmic contribution. 

As a check of our result and an example, we consider the gauge gourp G = SU(3). We 

2 

set u = s 2 , v — s 3 , a 2 = u/va and a{ m } = m, b'^ m y = (2m — l)/3. In the weak coupling 
region v ~ oo, our expression reduces to Appell's F 4 system [^5[] with argument 
Analytic continuation to the region u ~ oo recovers the result in ref. 0] up to the choice 
of branch for the logarithmic term of a l D , which is again represented by Appell's F± system. 
By analytic continuation to around the conformal point, we can find that our expression 
becomes Horn's H 7 system |p5| . To see this, we set m = 31 + A (/ = 0, 1, 2, ■ • • , A = 0, 1, 2) 
so that a k and a k D are decomposed to a k = J2l=o a ki a D = I^A=o a z) A - For example, a£ can 
be written as 

k ~ MXlp lyj Ia^J f;r(3/ + A + i) (d - 18) 






A 

l'( 


' V 






J* 




sin 


'2A 


-I) 2 


>■ 3 


+1) 


sin( 


2A 



T(2/ + n + f -|) 2 sin(f -|)tt g» / V 

W \4A6 J 
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+ 



'2(v - A 



o\ \ 3^6 



Tin + l) 2 r(2/ - n +™-*)t*rL u l 



where z = |(1 — -jfe). Because of a factor sin(^pi)7r in (3.18), the component for A = 2 
disappears, i.e., a| = 0. For A = 0, 1, the second term can be expressed by Horn's H 7 
function as 



H 7 



5-4A 1 1 2 + 2A 



u 



- --(1--) 

6 '2' 2' 3 ' 27(t> - A 3 ) 2 ' 2 K A 3 , 



where H 7 (a, b, c, d, x, y) is given by |25j 



H 7 (a, 6, c, d, x, y) = £ 



This means that if we choose the variable x 



3 



(3.19) 



(3.20) 



u 



27(t „ A 3)2 and y = -§(1 - ft), Picard-Fuchs 
equations of the theory should reduce to differential equations of H 7 (a,b,c,d,x,y) system 
which is given by 



{-2/(1 + y)d 2 y + 2xd x d y + (a-l-(b + c+ l)y)d y - be} H 7 = 0, (3.21) 
[x{l - Ax)dl + Axyd x d y - y 2 d 2 y + {d- {Ad + 6)x)d x + 2ayd y - a(a + 1)} H 7 = 0, 



where we have corrected a misprint in ref. |25[]. Furthermore, noticing that four independent 
solutions of this system can be written as 

H 7 (a, b, c, d, x, y) 
x l ~ d E 7 {a - 2d + 2, b, c, 2 - d, x, y), 



y a J (Ho)2m+n(c+o)2m+ti ^ 2 |m^ ^ 



2/ 



1 (d) m (l + a) 2 m +n m\n\ 

oo 

E 



(3.22) 



n-2,1-2 (6 + a — 2<i + 2)2m+ n (c + a — 2<i + 2)2 m + n ^ 2 ,,,, 
(2 — d) m (a — 2d + 3)2 m + n 



(V) m (-y) ? 



first and second term of ( |3.18|) with A = 0, 1 correspond to above solutions of this system. 
Let us chech this point. We start with the Picard-Fuchs equation in this theory for II = § A 
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CiU = {(27A 6 - 4m 3 - 27v 2 )dl - I2u 2 vd u d v - 3uvd v - u) n = 0, 
£ 2 n = {(27A 6 - 4m 3 - 27v 2 )d 2 v - ?>§uvd u d v - 9vd v - 3} n = 0. 



(3.23) 
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and some linear combinations 



By direct change of variables x = 2 7(v-a z ) 2 anc ^ V = ~ 
of these equations, we can check that the Picard-Fuchs equation ( 3.23Q can be written as 



x(l - 4x)d 2 x U - y 2 d 2 U + 4xyd x d y U + -(1 - Ax)d x U c 
y(l + y)d 2 U - 2xd x d y U + ^^-d y U + hl = 0. 



~^n + Alio 



(3.24) 



where Uq = y ell. Comparing this to Q3.21 ), we see that this system is identical to ( 3.21 



with a = — |, b 



i d 

2' 



Substituting these to (|3.22| ), we can find directly that four 



solutions of the Picard-Fuchs equation of this theory are identical to four functions of the 
expression (|3.18| ) with A = 0, 1, although the first term of ( |3.18| ) are not within the Horn's 
list. 



4 SO(2N) pure Yang-Mills theories 



In this section we discuss pure SO(2N) theory whose singular points in the strong cou- 
pling region are known in arbitrary iV ||20|| . 

In pure SO(2N) theory the curve and meromorphic differential are given by 



N \ 2 



y 



P(x) 2 -A 4 ^x 4 = (x 2N -^x^^sA -A^V, (4.1) 



i=l 



A q> 

\ = {2P{x)-xP'{x)) — . (4.2) 

y 

Since the difference from SU(N) theory is only powers of A in the instanton correction term, 
the calculation is almost same as SU(N) theory. What we need is the expression around 
the point Sj = (i ^ N — 1), s^-i = ±A 2N ~ 2 where the curve is degenerate as |20 



y 2 = x 2N+2 (x 2N - 2 ±2A 2N - 2 ). (4.3) 

To this end, it is convenient to evaluate integral in the region Sj ~ (i ^ N — 1), s^-i ~ oo. 
Expanding A with respect to A 4 ^^ 1 ) and integrating by part, we can rewrite A in the 
following form: 

a = r ±±n*+m-*) r^-i^y P{x) -* (4 . 4) 



where we have introduced Barnes-type integral representation as before. Rescaling the vari- 
able as 



l/(2AT-2) 2i (■ / AT 1 \ 

and expanding with respect to a, and A m ~ 4 /u m ~ 4 , we have A in the form: 
ds T(s + \)T(-s)T(2s + a {m} ) ( A^-4y 



(4.5) 



A = u 



/ICX 
-ic 



2m 



x 



r(|)r(2 S + i) 

dz 



u 



4V-4 



e n 

{ m } i^N-l 



m,;! 



(4.6) 



J dZ_ z 2(N-l)a {m} -2b {m} ^ z 2N-2 _ ^-2 S -a {m}? 



where {m} = {mi, • • • , mjv-2, ^at} and a {m} = Eili,#jv-i &{m} = Eili,^jv-i^- In 
order to obtain a^, we pick up poles at z — e 2N ~ 2 (0 < k < N — 1) along afc cycle and z = 
along ajv cycle. First we calculate (0 < k < N — 1). To pick up poles at z — e 2N ~ 2 we 
integrate from z = to z = e 2Ar ~ 2 multiplying sin2s7r/7r to find that a k can be expressed in 
the form: 



e - 2mkh Uva+n) /A 4 "" 4 ' 



E 



n 



rrii 



mi T (a{m} - b' {m} ) 



2N - 2 n^ } r(J)r(2n + l)n! W7 r(-2n-6' {m} + l) 

e- 2 ^>r(a {m} -6' {m} ) 



2 E 



2iV-2 



ra,{m} 



r(i - *W 



(4.7) 



'b' 



, 4V-4 N 



where b'^ m y = ~ ( 2 jv-2) • ^ ne analytic continuation to the region -u 2JV 2 = sat_i ~ A 2iV 2 
and the quadratic transformation show that the result is 



2u 



-2mb' 



a k 



E 



wr(a {m} - b' {m} ) 



n 



mA 



x 



2iV-2 T i l - h 'lrr,\ 

n,{m\ V (m) 

r(i-v {m} ) ' 



2N-2 



fr2N-2 



< m > /ll,. 1 

F U'2 ;6 ^ + 2 ;Z 



{m} 



r(&' {m} ) 



■(i 



A 4V- 



47V-4 



' K 2N 



-2\b' (m} ~l 



U 



2N-2 



(4.8) 



x 



> A 2N-2 + u 2N-2\b' {m} -2 n 1 3 



A 2V-2 



^ ( 2' 2' 2 _ ^W' Z 
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1/1 u 2N - 2 - 



where z = |(1 - ^aiv^r;- 

Next we consider a^,(l<A;<iV — 1). In this case we integrate meromorphic differential 
A from z = — e 2Ar - 2 to z = e 2JV - 2 and evaluate douple pole of the integrant without muliplied 
by sin2s7r, and subtract fl2~2fl . We have a|, in the form: 



u ^ e 



- 2mfc(6 '« ) r(a {m} -6' {m} )sin(6' {m} 7r)2 b U * , Q 



mi! 



1 "~ ' " n % } (2* - 2)r(i)r(n + 1)' \ — 

2 ' 2 J \ u 



xT(n + J2>)r(n + + ±) ( ^ (4.9) 



^(n+^)+^(n+^ + -)-2^(n + l) + ln f^z* ) + 27rcot(6' { 



in} 



We make use of the analytic continuation of a k D around the conformal point to get 

k = 2u ~ e~ 2mkb ' {m}T ( a {m}-b\ m} ) /ai_ 

a ° ( 2N ~ 2 )k^ } r(i-6 {m} ) ^U- 



V(h' — ±\ A47V-4 , / a 2JV-2X 6 f m } -1 

cotf6 ' /^w 2 J (1 _A / A \ * > 

COH& {m} 7Tj r U [ u 2N-2) 



x [ ) F U' 2 ! 2 " 6 <™> ; 2 

As in the pure SU(N) theory, we can claim that ~ a k D at the critical point. The behavior 
of a and dp near sat_i = A 2Ar_2 , Sj = (i ^ N — 1) is 

a k ~ a k D ~ (sat-i - A 27V ~ 2 )^~2^ + const. (4.10) 



Therefore, we see that the confomal dimension of sn-i is 2N N 2 [20] . 



As was the case of SU(2n), a, and contain the logarithmic terms coming from the 
factor r(| — b'c m x) when A" of SO(2N) is even, which vanish at the conformal point. 

Next we consider and a p. Until now the calculation is same as SU(N) case. However 
in order to calculate and a^, we have to pick up the pole x ~ 0. To this end we rescale 
the variable of the curve as 

/ \ N ~ i 

x* = -^z\ A = iL(_J5L) , (4.11) 
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where so = — 1, and A becomes as 

A= / s N y /-ioo ds_^r(s + i)r(-s)r(2s + C{m} ) f_A 4JV - 4 y 



N—2 / nrrii \ 



x Y[ [ — ) 2 4s + 2Arc {-}- 2d { m }( 2 2 _ i)- 2s - c w j (4.12) 

j=0 \ m i' / 

where {m} = {m , m 1 , ■ ■ ■ , m N _ 2 } and c {m} = Y,f=~ 2 m u d {rn} = ^^(N - i)mi. By 
evaluating the line integral from z = to z = 1 and by multiplying sin2s7r/7r to pick up the 
pole at z — 1, we get a a? in the region A i^i 1 4 >> 1 in the form: 

_( sn\" v T(n + i)r(2n + rf {m} + |) / A 4 ^ "^ 2 

aN V **-J n ^; } r(i)r(2n + i)r((iv-i) C{m} -d {m} + |) {s%_J ^[rmij 

= 2 (-^ ^ Y T{d ^ + jj T7 (4 13) 

V ^-1/ { t} r (-C{m} + d{m} + |) V^V 

Notice that this hypergeometic function gives logarithmic term by analytic continuation to 

. 4jV — 4 

the region —2 — ~ 1. To see this, we set the variable as 

S N-1 

A 4iV ~ 4 A 2jV - 2 - gg-i ,,,,, 

y= 4V z = 2A 2 ^ 2 ' (414) 

and perform the analytic continuation to the region ^"-4 ~ 1 as 
1 



V S N-l) {m} r (|) r (- C {m} + ^{m} + |) i=0 



x j (1 _ g) ^-i v V-t r < rf w) y (l-^)4-^>. , g) , 



2 1 4> 

dr 



r(f - %WJ - %^)r(d {m} + 1) ^ n\{d {m} + i) n 

x ^(n+l)+^(n + rf {m} + l)-2^(n+i)-7r-log(-2;) J. 

Next we calculate a^. In the region sn-i ~ 00, a 1 ^ is given by integrating meromorphic 
differential A from z = — 1 to z = 1 without multiplying sin2s7r and subtracting |ajv, and 
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by evaluating double poles as 



a N D 



is 



E 



r((i{ m } + \] 



N-2 

n 



t {m} | 1\ / 

2 "i" A>n\ 



\_ x 2lri n,{m} r (|) r (- C {m} + ^{m} + f , i=0 



m, : ! 



ns. 



2 i" 4J n n 

9 " 



where 



A 4iV 



2ijj(n + 1) + In 7/ 



(4.16) 



to the region sjv-i 



~ — . Although this logarithmic term disappears by the analytic continuation 
A 2N ~ 2 , another logarithmic term appears 



a N D 



1 

-, 2 

'JV 



E 



r(<^{m} + 2) 



2sjv-l n,{rrt} 



JV-2 

n 



r (|) r ( _C W + d {m} + f) l= o 



X 



y)- rf {m}-| 



*{m} 



j ■ -p/ 7 \ d/ m i— 1 / 1 ^{771} \ (1 d{m\~ 



E 



M _L 1^2 
2 +4/ ™= 



(l-l/) r 



i{m} 



E 



r(f - % i )r(| - % i )r(d {m} + 1) ^ "K^w + i)„ 



(4.17) 



X 



^(n + 1) + V(n + d {m} + 1) - 2^(n + -) - log(-*) 



7T 



Thus in SO(2N) theory and have the logarighmic terms around this point though 
the curve become degenerate multiple. Let us consider what is happening. Near x ~ 0, 
cycle and (3n cycle form a small torus, and the curve looks like the curve of pure SU(2) 
theory. In this case due to our choice of approaching to the point sjv-i = A 2N ~ 2 , sn = 
0, this point corresponds to the dyon point for a at and a 1 ^ and these have certainly the 
logarithmic terms. These logarithmic terms are simply caused by the fact that we consider 
a branch where two of the singurality approach to zero before the theory is going to be at 
the critical point. This point has been understood in the framework of the SU(3) theory 
near u — 0, v = A 2 |Tj|. From the expression (4.16) and (4.18), we see that a a? ~ on the 
conformal point. Therefore the existence of logarithmic terms in the expression (4.16) and 
(4.18) is not harmful. 



5 Discussion 
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We have derived the expression for the periods and Higgs fields and its dual around 
the conformal point of SU(2) Yang-Mills theory with matter fields, pure SU(N) and pure 
SO(2N) Yang-Mills theory. In the SU(2) theory with matter fields and the pure SU(N) 
theory, we have directly recognized the structure of the theories near the conformal points. 
We find a simple correspondence between the fixed point of 4-D N = 2 SU(2) Yang-Mills 
theory with matter fields and Landau-Ginzburg description of 2-D N = 2 SCFT with c = 3. 
For SU(N) and SO(2N) theories we could show a verification of the analytic continuation 
due to the well known formula of the hypergeometric functions. 

It seems interesting that we could obtain the explicit expression of fields around the 
conformal point even for the theories with higher rank gauge gourps. But the examples we 
treated in this paper is elementary compared to more complicated varieties of critical points 
as was shown in |2T|| . At present, we do not know whether we can find more interesting 
examples which one can calculate the explicit form of fields. An important question is the 
verification of the validity of the analytic continuation for these cases, which require further 
investigation. 
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